Abstract. In this paper we introduce a new class of finitely presented pro-p-groups G of cohomological dimension 2 called mild groups. If dðGÞ, rðGÞ are respectively the minimal number of generators and relations of G, we give an infinite family of mild groups G with rðGÞ f dðGÞ and dðGÞ f 2 arbitrary. These groups can be constructed with G=½G; G finite, answering a question of Kuzmin. If G ¼ G S ðpÞ is the Galois group of the maximal pextension of Q unramified outside a finite set of primes S and p 3 2, we show that G is mild for a co-final class of sets S, even in the case p B S.
1. Statement of results 1.1. Mild pro-p-groups. Let p be a prime number; for simplicity, we assume that p is odd. Let G ¼ F =R be a finitely presented pro-p-group with F the free pro-p-group on x 1 ; . . . ; x m and R ¼ ðr 1 ; . . . ; r d Þ the closed normal subgroup generated by nonidentity elements r 1 ; . . . ; r d A F p ½F ; F , where ½F ; F is the closed subgroup generated by the commutators ½x; y ¼ x À1 y À1 xy. Let dðGÞ ¼ dim F p H 1 ðG; Z=pZÞ and rðGÞ ¼ dim F p H 2 ðG; Z=pZÞ. Then dðGÞ, rðGÞ are respectively the minimal number of generators and relations for G (cf. [25] ). For the above presentation G ¼ F =R we have dðGÞ ¼ m. The presentation is said to be minimal if rðGÞ ¼ d.
The lower p-central series ðG n Þ nf1 of a pro-p-group G is defined inductively by G 1 ¼ G, G nþ1 ¼ G p n ½G; G n . The quotient groups gr n ðGÞ, denoted additively, are vector spaces over the finite field F p . The graded vector space grðGÞ ¼ L nf1 gr n ðGÞ
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If x i is the image of x i in gr 1 ðF Þ then grðF Þ is the free Lie algebra on x 1 ; . . . ; x m over F p ½p. If r A F , r 3 1, and n is largest with r A F n then n ¼ oðrÞ is called the filtration degree of r and the image of r in gr n ðF Þ is called the initial form of r. Let h i ¼ oðr i Þ and let r i A gr h i ðF Þ be the initial form of r i . If r is the ideal of L ¼ grðF Þ generated by r 1 ; . . . ; r d and g ¼ L=r then r=½r; r is a module over the enveloping algebra U g of g via the adjoint representation. Definition 1.1. The sequence r 1 ; . . . ; r d with d f 1 is said to be strongly free if U g is a free F p ½p-module and M ¼ r=½r; r is a free U g -module on the images of r 1 ; . . . ; r d in M. In this case we say that the presentation G ¼ F =R is strongly free. A pro-p-group is said to be mild if it has a strongly free presentation.
Let U g ðtÞ be the Poincaré series of U g for the natural grading of U g by finite dimensional vector spaces over F p . If r 1 ; . . . ; r d is a strongly free sequence then
by Theorem 3.9 with e i ¼ degðx i Þ ¼ 1 for all i.
The term mild group is due to Anick [2] . Mild groups have a lot of nice properties. (c) The presentation G ¼ F =R is minimal and cdðGÞ ¼ 2.
(d) The enveloping algebra of grðGÞ is the graded algebra grðBÞ associated to the filtration of B ¼ Z p ½½G by powers of the augmentation ideal KerðZ p ½½G ! Z=pZÞ.
(e) The Poincaré series of grðBÞ is 1=ð1 À tÞð1 À mt þ t h 1 þ Á Á Á þ t h d Þ.
A related result is proved in [18] for discrete groups in the case of the lower central series. Theorem 1.2 can be proven in greater generality, including p ¼ 2 in some cases (cf. Theorem 4.1). A proof for the case p ¼ 2 can be found in [20] . That a mild group is of cohomological dimension 2 also follows from [15] and Theorem 3.10 (cf. Theorem 5.1).
Not much is known about mild groups but we produce a large supply of them (cf. Corollary 3.5). They also appear strikingly often as Galois groups of maximal p-extensions of Q with restricted ramification even when the ramification is tame.
1.2.
Galois groups of p-extensions of Q with restricted ramification. Let S be a finite set of rational primes not containing the prime p and let G S ðpÞ be the Galois group of the maximal p-extension of Q unramified outside S. If p 3 2, we can assume that S ¼ fq 1 ; . . . ; q m g with q i 1 1 mod p. If p ¼ 2, we have to assume that the infinite prime lies in S.
In [12] , [14] Koch shows that G ¼ G S ðpÞ has a minimal presentation G ¼ F =R where F is the free pro-p-group on x 1 ; . . . ; where the image of x i in G is a generator of the cyclic inertia group at a fixed place Q i above q i and the image of y i is a lifting of the Frobenius automorphism at q i . We thus have
The image of x i in F =½F ; F ¼ G S ðpÞ=½G S ðpÞ; G S ðpÞ corresponds, under the reciprocity map, to an idele with component 1 at all places except for the component at q i which is equal to g i , a primitive root mod q i . The image of y i in G S ðpÞ=½G S ðpÞ; G S ðpÞ corresponds to an idele with component q i at the place q i and component 1 at the other places. Then l ij is the image in Z=pZ of any integer r satisfying
We call l ij the linking number of the pair ðq i ; q j Þ. Note that if g is another primitive root mod q j and g j 1 g c mod q j then the linking number l ij would be multiplied by c if g were used instead of g j .
There is an analogy between the arithmetic of Z and the topology of the 3-sphere S 3 in which l ij plays the role of the linking number of two loops in S 3 (cf. [27] ). This analogy is not perfect as we can have l ij 3 l ji . However, it is this fact that allows G ¼ G S ðpÞ to be a mild group for certain S. Our work was greatly influenced by this analogy and corresponding results for link groups (cf. [23] , [19] , [2] ).
Let G S ðpÞ be the directed graph with vertices the primes of S with a directed edge q i q j from q i to q j if l ij 3 0. The directed graph G S ðpÞ together with the function l on S Â S with values in Z=pZ defined by lðq i ; q j Þ ¼ l ij if i 3 j and 0 otherwise is called a linking diagram for S. Using the Č ebotarev density theorem, one can show that, for any given finite directed graph G, there is a set of primes S as above with G S ðpÞ ¼ G (cf. Corollary 6.2). 
In this case we also call v 1 v 2 Á Á Á v m v 1 a non-singular circuit.
Note that if (a) holds then Dðv 1 ; v 2 ; . . . ; v m Þ 3 0 if there is an edge v i v j of the circuit
is not an edge of G. Also note that (a) and (b) imply that m is even and f 4. For G ¼ G S ðpÞ condition (b) is independent of the choice of primitive roots g j since
where each ratio in the product is independent of the choice of primitive roots. Using the primitive roots 2, 2, 2, 3 for these primes and setting
Hence G S ð3Þ is a non-singular circuit. The initial forms of the relations in the Koch presentation for G S ð3Þ are
By virtue of Theorems 3.10 and 3.12 we obtain that G S ð3Þ is a mild group. More generally, these two theorems yield the following result. Theorem 1.6. A presentation of Koch type is strongly free if p 3 2 and the vertices of its linking diagram G form a non-singular circuit. Theorem 1.6 can be proven under other conditions on the linking diagram when the number of vertices is odd and f 5 (cf. Theorem 3.14).
The groups G S ðpÞ are very mysterious and their structure is related to the FontaineMazur Conjecture (cf. [3] , [4] , [9] ). All that was known previously about these groups was that they were non-analytic for m f 4 and in certain cases for m ¼ 2; 3 (cf. [25] , [13] , [22] ). The group G S ð3Þ with S ¼ f7; 19; 61; 163g seems to be the first known example where such a group is of cohomological dimension 2. This group also seems to be the first known example of a finitely generated pro-p-group G of cohomological dimension 2 with the same number of generators and relations and G=½G; G finite. This answers a question of Kuzmin [16] , §6. Moreover, it has the property that H=½H; H is finite for any subgroup H of finite index. By Theorem 4.1(g), the rank of the n-th 3-central series quotient of G S ð3Þ is
So, as a graded vector space, the Lie algebra associated to the lower 3-central series is the direct sum of two copies of the Lie algebra associated to the lower 3-central series of the free pro-3-group on 2 generators. Theorem 1.6 produces a lot of mild groups. An interesting example with the same number generators and relators is the group
where m f 4 is even and p is odd. A consequence of Theorem 3.14 and Theorem 3.10 is that the group is mild if m f 5 is odd (cf. Example 3.16).
If S p ¼ S W fpg, it is well known that the cohomological dimension of G S p ðpÞ is 2 when p is odd; for the case p ¼ 2 see [24] . However, we can also prove that, for p 3 2, it is a mild group under certain conditions on the linking diagram associated to its Koch presentation. This presentation is the same as that for G S ðpÞ except for an additional generator x mþ1 corresponding to a generator of the inertia group at p. Its linking diagram G S p ðpÞ is obtained from G S ðpÞ by adding the vertex p which corresponds to x mþ1 and an edge ðq; pÞ for every q A S not congruent to 1 mod p 2 . The linking number l qp A Z=pZ is defined by
By definition l pq ¼ 0 for all q A S and l pp ¼ 0.
Theorem 1.7. If p 3 2, the pro-p-group G S p is a mild group if either of the following two conditions hold:
(B) There is a prime q A S, q E 1 mod p 2 with lðq i ; qÞ 3 0 for all q i A S distinct from q. 
Algebraic preliminaries
In this section we will review the more important algebraic techniques and results that we use in our paper. The most important of these is the Birkho¤-Witt Theorem.
Theorem 2.1 (Birkho¤-Witt). Let g be a Lie algebra over a commutative ring k and let f be the canonical mapping of g into its enveloping algebra U g . If g is a free k-module with ordered basis ðe i Þ i A I then U g is a free k-module with ordered basis the family of elements
In particular, if g is a free k-module, the canonical mapping of g into U g is injective and we can identify g with a Lie subalgebra of U g . Let U n be the k-module generated by all products x 1 x 2 Á Á Á x m with x i A g and m e n. Then U i U j L U iþj and grðU g Þ ¼ P n30 U nþ1 =U n is a commutative associative algebra. Corollary 2.2. If g is a free k-module then grðU g Þ is isomorphic to S g , the symmetric algebra of g. If, in addition, k is an integral domain then U g is an integral domain. Corollary 2.3. Let g be a Lie algebra over k and let h be a Lie subalgebra such that h and g=h are free k-modules. If V , U are respectively the enveloping algebras of h, g then U is a free left (right) V -module with basis f j 1 f j 2 Á Á Á f j n ðn f 0; j 1 e j 2 e Á Á Á e j n Þ where ð f j Þ j A J is any lifting of an ordered basis for g=r.
The Birkho¤-Witt Theorem has the following converse result. Theorem 2.4. Let g be a graded Lie algebra over a principal ideal ring k and suppose that the homogeneous components are finitely generated k-modules. If the enveloping algebra of g is a free k-module then so is g.
Proof.
Let a, b be respectively the kernel and image of the canonical map f of g into U g . Then b is a free k-module and so the exact sequence 0 ! a ! g ! b ! 0 splits as k-modules. If p is an irreducible element of k and we let M ¼ M=pM ¼ M n k ðk=pkÞ for any k-module M, we obtain the exact sequence
But the composite of the two arrows g ! b ! U g is injective by the Birkho¤-Witt Theorem over the field k=pk. Hence g ! b is injective. This implies that a ¼ 0. Since this is true for every homogeneous component of a for any p, we obtain that the homogenous components of a are all zero as they are finitely generated. This implies that a ¼ 0 which is what we wanted to prove. r If A is a graded k-module with homogeneous components A n with A n a finitely generated free k-module of rank c n the Poincaré series of A is the power series
By definition AðtÞ f 0 if c n f 0 for all n. If B is another graded k-module with homogeneous components free finitely generated k-modules then AðtÞ f BðtÞ if AðtÞ À BðtÞ f 0. We also have ðA l BÞðtÞ ¼ AðtÞ þ BðtÞ and ðA n k BÞðtÞ ¼ AðtÞBðtÞ. If
is exact and C is also a free k-module then BðtÞ ¼ AðtÞ þ CðtÞ:
g n be a graded Lie algebra over k with g n ðn f 1Þ a free k-module of finite rank a n . Then the enveloping algebra U g of g is a graded k-module whose homogeneous components U n are free k-modules of finite rank and
g n we have
which implies the result as S M ðtÞ ¼ ð1 À tÞ Àr for any free k-module M of rank r. r
Now let k ¼ k 0 ½p, the polynomial algebra over the field k 0 . Let M k be the category of k-modules M such that M also has the structure of a graded module over k 0 where p sends the homogeneous component M n into M nþ1 . We say that M is of finite type if each component M n is finite-dimensional. In the following we let
(c) M is a free k-module , multiplication by p is injective , M is torsion free.
For a proof see [21] , §1.2. Proposition 2.8. Let g be a Lie algebra over k 0 ½p which has the structure of a graded Lie algebra over k 0 with homogeneous components g n satisfying pg n L g nþ1 . Then g is a free k 0 ½p-module if its enveloping algebra U g is a free k 0 ½p-module.
The proof of this is the same as the proof of Proposition 2.5 except only the irreducible element p is required.
Strongly free sequences
Let k be a principal ideal domain and let L be the free Lie algebra over k on x 1 ; . . . ; x m . We view L as graded algebra where the degree of x i is e i f 1. Let r 1 ; . . . ; r m be homogeneous elements of L with r i of degree h i and let r ¼ ðr 1 ; . . . ; r d Þ be the ideal of L generated by r 1 ; . . . ; r d . Let g ¼ L=r and let U ¼ U g be the enveloping algebra of g. Then M ¼ r=½r; r is a U-module via the adjoint representation. By the Birkho¤-Witt Theorem and Proposition 2.5, U g is a free k-module if and only if g is a free k-module.
Let V (resp. W ) be the enveloping algebra of L (resp. r) and I (resp. J) be the augmentation ideal of V (resp. W ). If R is the ideal of V generated by r, we have an exact sequence
It is obtained from the exact sequence 0 ! I ! V ! k ! 0 by tensoring with k ¼ W =J over W and using the fact that
(3) Tor W 1 ðk; kÞ ¼ r=½r; r (cf. [7] , Ch. XIII, §2).
The map M ! I =RI is induced by the inclusion r L I . The algebra V is the free associative algebra over k on x 1 ; . . . ; x m and I is the direct sum of the left ideals V x i . The Umodule I =R is the direct sum of the free U-submodules Ug i where g i is the image of x i in U ¼ V =R. If g is free as a k-module then V is a free W -module by Corollary 2.3 since r is a free k-module. In this case we have the exact sequence Expressing M as a quotient U d =N using the relators r i , we obtain the exact sequence of graded modules whose homogeneous components are finitely generated free k-modules
where U½d ¼ U but with degrees shifted by d; by definition, U½d ðtÞ ¼ t d UðtÞ. We have N ¼ 0 if and only if M is a free U-module on the images of the r i .
Taking Poincaré series in long exact sequence, we get
Solving for UðtÞ, we get UðtÞ ¼ PðtÞ þ NðtÞPðtÞ, where
We thus obtain The condition PðtÞ f 0, i.e., the coe‰cients of the powers of t n are f 0, is a serious restriction on the sequences ðe i Þ and ðh j Þ. For example, 1=ð1 À 3t þ 4t 3 Þ is a positive series whereas 1=ð1 À 3t þ 5t 3 Þ is not. If all e i ¼ 1 and all h i ¼ h > 1 then in [1] , Lemma 3.5 Anick proved that
where e ¼ 2:718 . . . :
Strongly free sequences were studied by Anick in [1] in the context of algebras over a field. They are the analogues of regular sequences in commutative algebra. They also arose in the work of Halperin-Lemaire [10] and in the paper of Koch [15] .
In general, it is di‰cult to determine whether a sequence is strongly free but we can construct a large supply of them using the elimination theorem. Let LðX Þ be the free Lie algebra over k on the set X . Let S be a subset of X and let a be the ideal of LðX Þ generated by X À S. Then the elimination theorem [5] , §2, Proposition 10 states that a is a free Lie algebra over k with basis consisting of the elements adðs 1 Þ adðs 2 Þ Á Á Á adðs n ÞðxÞ with n f 0, s i A S, x A X À S. If B is the enveloping algebra of LðSÞ ¼ LðX Þ=a, it follows that a=½a; a is a B-free module with basis the images of the elements x with x A X À S. Theorem 3.3. Suppose that k is a field. Let S be a subset of X ¼ fx 1 ; . . . ; x m g and let a be the ideal of the free Lie algebra L on X generated by X À S. Let T ¼ ft 1 ; . . . ; t t g H a whose elements are homogeneous and B-independent modulo ½a; a. If r 1 ; . . . ; r d are homogeneous elements of a which lie in the k-span of T modulo ½a; a and which are linearly independent over k modulo ½a; a then the sequence r 1 ; . . . ; r d is strongly free (in L).
Proof. If r is the ideal of L generated by r 1 ; . . . ; r d , the elements adðs 1 Þ adðs 2 Þ Á Á Á adðs n Þðr j Þ with 1 e j e d, n f 0, s i A S generate r as an ideal of the Lie algebra a. Suppose that these elements form part of a basis of the free Lie algebra a. The elimination theorem then shows that M ¼ r=½r; r is a free module over the enveloping algebra C of a=r with the images of these elements as basis. To show that this implies that M is a free U-module on the images m i of the r i suppose that P i u i Á m i ¼ 0 with u i A U. By the Corollary 2.3 every u i can be written in the form
where the w j are distinct products of elements of S. Then
which implies that all c ij are zero and hence that each u i is zero.
To show that the elements of the form adðs 1 Þ adðs 2 Þ Á Á Á adðs n Þðr j Þ are part of a Lie algebra basis of a it su‰ces to show that r 1 ; . . . ; r d are B-independent modulo ½a; a. We now work modulo ½a; a. If H is the k-span of r 1 ; . . . ; r d , we can find a basis g 1 ; . . . ; g d of H such that
By the B-independence of the elements of T,
and hence that a i u i ¼ 0 so that u i ¼ 0 for all i which implies the B-independence of g 1 ; . . . ; g d and hence of r 1 ; . . . ; r d . r Remark 3.4. Note that for strongly free sequences r 1 ; . . . ; r d produced by the above method, the Lie algebra L=ðr 1 ; . . . ; r d Þ is an extension of two free Lie algebras.
Corollary 3.5. Let f1; . . . ; mg ¼ I W J with I X J ¼ j, jI j ¼ k and let S ¼ fx j j j A Jg. Then, for any h f 0, any subset of the kðm À kÞ h elements
with j 1 ; . . . ; j h A J, i A I is strongly free as is, modulo ½a; a, any linearly independent subset of the space they span.
Example 3.6. If we take S ¼ fx 2 ; . . . ; x m g we see that
is a strongly free sequence. If m f 4 is even and we take S ¼ fx n j n oddg we see that
is a strongly free sequence. We shall show later that this is also true for m > 4 odd (cf. Example 3.16).
Note that the above implies the maximum length sðmÞ of a strongly free sequence of elements of degree 2 in the free Lie algebra on x 1 ; . . . ; x m satisfies max k kðm À kÞ e sðmÞ < m 2 =e:
Let tðmÞ ¼ max k kðm À kÞ. We have 4 e sð4Þ e 5. However, sð4Þ ¼ 5 is not possible as PðtÞ is not positive in this case; so sð4Þ ¼ tð4Þ ¼ 4. We have 6 e sð5Þ e 9 and 7, 8, 9 are not possible; so sð5Þ ¼ tð5Þ ¼ 6. In this case, an example of a strongly free sequence of length 6 is ½x 1 ; x 2 ; ½x 1 ; x 4 ; ½x 3 ; x 2 ; ½x 3 ; x 4 ; ½x 5 ; x 2 ; ½x 5 ; x 4 :
We conjecture that tðmÞ ¼ sðmÞ for all m f 4.
Our examples of strongly free sequences over a field can also be obtained using Anick's criterion for strong freeness developed in [1] , §6. We will need this criterion to construct examples when the number of variables is 2. Let L be the free Lie algebra on x 1 ; . . . ; x m with coe‰cients in the field k and A be the enveloping algebra of L. A sequence of non-identity monomials a 1 ; . . . ; a d in the x i is said to be combinatorially free if (1) no monomial a i is a submonomial of a j for i 3 j and (2) if a i ¼ u 1 v 1 , a j ¼ u 2 v 2 is a proper factorization with u i , v i monomials then u 1 3 v 2 . Let an ordering of x 1 ; . . . ; x m be given and order the monomials lexicographically. By the leading term of an element w of L we mean the largest monomial appearing in w (with a non-zero coe‰cient). 
where r; s f 0, is strongly free since the leading term of r rs for the ordering
and the l r; s form a combinatorially free sequence. Now let k ¼ k 0 ½p where k 0 is a field. We view k as a graded algebra over k 0 with p of degree 1. Again L is the free Lie algebra over k on x 1 ; . .
Proposition Proof. (() From 3.9 we have U G U n k 0 k as k 0 -modules which implies 
Taking Poincaré series we get
Now suppose that r 1 ; . . . ; r d is strongly free. Then, if r is the ideal of L generated by r 1 ; . . . ; r d , we have surjections
whose composite is an isomorphism. It follows that
MðtÞ e MðtÞ
UðtÞ e UðtÞ
Using the fact that KðtÞ f 0, we get
It follows that KðtÞ ¼ 0, UðtÞ ¼ UðtÞ=ð1 À tÞ and MðtÞ ¼ M=ð1 À tÞ. Hence U is a free k-module and M is a free U-module since we have a natural surjection
with both sides having the same Poincaré series. r Corollary 3.11. If r B pL then r is a strongly free sequence consisting of a single element.
Proof. We use the fact that M ! U m is injective. Hence, if r 3 0 then M is a submodule of U m and is generated by a single non-zero element. So it must be free since U has no zero-divisors by the Birkho¤-Witt Theorem. r Let us apply the above results to the relators in Example 1.5. Reducing mod p we get the relators
in the free Lie algebra over F 3 on x 1 , x 2 , x 3 , x 4 . We apply Theorem 3.3 with S ¼ fx 1 ; x 3 g and T ¼ f½x 1 ; x 2 ; ½x 3 ; x 2 ; ½x 3 ; x 4 ; ½x 1 ; x 4 g. Modulo ½a; a, the relators r 1 ; . . . ; r 4 are linearly independent and lie in the subspace spanned by T. Hence r 1 ; . . . ; r 4 is strongly free. Now let L be the free Lie algebra on X ¼ fx 1 ; . . . ; x m g over a field k and let r 1 ; . . . ; r m be elements of L with
Let G be the linking diagram whose vertices are x 1 ; . . . ; x n with ðx i ; x j Þ an edge if j 3 i and the linking number l ij 3 0.
Theorem 3.12. The sequence r 1 ; . . . ; r m is strongly free if the vertices of G form a nonsingular circuit.
Proof. After permuting the vertices we can assume that the path showing that G is non-singular is x 1 x 2 Á Á Á x m x 1 . We apply Theorem 3.3 with S ¼ fx i j i oddg and T ¼ f½x i ; x j j i odd; j eveng. In this case, we have r i in the span H of T modulo ½a; a since no ½x i ; x j appears in r i with i, j both odd. Let e i ¼ ½x i ; x iþ1 for 1 e i e m À 1, let e m ¼ ½x m ; x 1 and complete e 1 ; . . . ; e m to a basis of H modulo ½a; a. The transpose of the coe‰cient matrix of e 1 ; . . . ; e m in r 1 ; . . . ; r n is 
is a non-singular circuit.
Theorem 3.14. Suppose that m f 5 is odd and l ij ¼ 0 for i; j 3 m and i, j odd. If l m1 3 0 and x 1 x 2 Á Á Á x mÀ1 x 1 is a non-singular circuit then the sequence r 1 ; . . . ; r m is strongly free.
Proof. We apply Theorem 3.3 with S ¼ fx i j i 3 m; i oddg and T the set of ½x i ; x j with x i A S, x j B S. In this case, we have r i in the span H of T modulo ½a; a since no ½x i ; x j appears in r i with i, j both odd and i; j 3 m. Let e i ¼ ½x i ; x iþ1 for 1 e i e m À 3, 
Since lð19; 61Þ ¼ 1 and Dð61; 7; 163; 43Þ ¼ À1 Theorem 3.14 applies and G S ð3Þ is a mild group. is equivalent to the presentation with relators
The graph G associated to this presentation satisfies the conditions of Theorem 3.14 when m f 5 is odd.
One can develop rank criteria for strong freeness based on the size of the set S in Theorem 3.3. For example, one has the following result for size 2. The given matrix is the transpose of the coe‰cient matrix of r 1 ; . . . ; r m with respect to T modulo ½a; a. r
We now consider the case L is the free Lie algebra on X ¼ fx 1 ; . . . ; x m g over a field k and r 1 ; . . . ; r d are d < m elements of L with
The associated linking diagram G has vertices x 1 ; . . . ; x n with ðx i ; x j Þ an edge if i 3 j and the linking number lðx i ; x j Þ ¼ l ij 3 0. We want to find conditions on G which imply the strong freeness of the sequence r 1 ; . . . ; r d in the case d < m.
Theorem 3.18. The sequence r 1 ; . . . ; r mÀ1 is strongly free if lðx i ; x m Þ 3 0 for 1 e i < m.
Proof. We apply Theorem 3.3 with S ¼ fx m g, T ¼ f½x i ; x m j 1 e i < mg. We get the required result since r 1 ; . . . ; r mÀ1 are in a, and modulo ½a; a are a basis for the span of T. r Theorem 3.19. Suppose that lðx mÀ1 ; x m Þ 3 0 and lðx i ; x mÀ1 Þ 3 0 for i < m À 1. Then r 1 ; . . . ; r mÀ1 is a strongly free sequence.
Proof. We apply Theorem 3.3 with S ¼ fx mÀ1 g and T ¼ f½x 1 ; x mÀ1 ; ½x 2 ; x mÀ1 ; . . . ; ½x mÀ2 ; x mÀ1 ; ½x mÀ1 ; x m g:
We get the required result since r 1 ; . . . ; r mÀ1 are in a, and modulo ½a; a is a basis for the span of T. r Definition 3.20. We call G rooted at the vertex v if for every vertex w 3 v there is a path from w to v.
We don't know if r 1 ; . . . ; r mÀ1 is a strongly free sequence if G is rooted at x m . For example, we don't know whether or not the sequence,
which is rooted at x 5 , is strongly free. Computer evidence using GAP suggests that it is.
Computing the lower p-central series
Let F be the free pro-p-group on x 1 ; . . . ; x m . The completed group algebra A ¼ Z p ½½F over the p-adic integers Z p is isomorphic to the Magnus algebra of formal power series in the non-commuting indeterminates X 1 ; . . . ; X m over Z p . Identifying F with its image in A, we have x i ¼ 1 þ X i (cf. [25] , p. I-7).
If e 1 ; . . . ; e m are integers > 0, we define a valuation w of A in the sense of Lazard by setting
where v is the p-valuation of Z p with vðpÞ ¼ 1. Let
Then grðAÞ is a graded k-algebra where k is the graded ring F p ½p ¼ grðZ p Þ with p the image of p in pZ p =p 2 Z p . If x i is the image of X i in gr e i ðAÞ then grðAÞ is the free associative k-algebra on x 1 ; . . . ; x m with a grading in which x i is of degree e i and multiplication by p increases the degree by 1. The Lie subalgebra L of grðAÞ generated by the x i is the free Lie algebra over k on x 1 ; . . . ; x m by the Birkho¤-Witt Theorem. Note that when e i ¼ 1 for all i we have A n ¼ I n , where I is the augmentation ideal ðp; X 1 ; . . . ; X m Þ of A.
For n f 1, let F n ¼ ð1 þ A n Þ X F and for x A F let oðxÞ ¼ wðx À 1Þ be the filtration degree of x. Then ðF n Þ is a decreasing sequence of closed subgroups of F with the following properties:
where ½F n ; F k is the closed normal subgroup generated by the commutators ½u; v ¼ u À1 v À1 uv with u A F n , v A F k . Such a sequence of subgroups of a pro-p-group F is called a p-central series of F . An important example of a p-central series of a pro-p-group G is the lower p-central series defined by
If ðG n Þ is a p-central series of G, let gr n ðGÞ ¼ G n =G nþ1 with the group operation denoted additively. Then grðGÞ ¼ L nf1 gr n ðGÞ is a graded vector space over F p with a bracket operation ½x; h which is defined for x A G n , h A G k to be the image in gr nþk ðF Þ of ½x; y where x, y are representatives of x, h in gr n ðGÞ, gr k ðGÞ respectively. Under this bracket operation, grðGÞ is a Lie algebra over F p . The mapping x 7 ! x p induces an operator P on grðGÞ sending gr n ðGÞ into gr nþ1 ðGÞ. For homogeneous x, h, we have Pðx þ hÞ ¼ PðxÞ þ PðhÞ; ½PðxÞ; h ¼ Pð½x; hÞ unless p ¼ 2 and x; h A gr 1 ðF Þ in which case Pðx þ hÞ ¼ PðxÞ þ PðhÞ þ ½x; h; ½PðxÞ; h ¼ Pð½x; hÞ þ ½x; ½x; h:
In the case G ¼ F and F n ¼ ð1 þ A n Þ X F , the mapping x 7 ! x À 1 induces an injective Lie algebra homomorphism of grðF Þ into grðAÞ. Identifying grðF Þ with its image in grðAÞ, we have PðxÞ ¼ px unless p ¼ 2 and x A gr 1 ðF Þ in which case
The Lie algebra grðF Þ is the smallest F p -subalgebra of grðAÞ which contains x 1 ; . . . ; x m and is stable under P. To see this, let X n be the set of elements x i with e i ¼ n and define subsets T n inductively as follows:
If F 0 n is the closed subgroup of F generated by the T k with k f n, then ðF 0 n Þ is a p-central series of F (cf. [21] , §1.2). If gr 0 ðF Þ is the associated graded Lie-algebra, the inclusions F 0 n L F n induce a Lie algebra homomorphism gr 0 ðF Þ ! grðF Þ The above filtration ðF n Þ is called the ðx; eÞ-filtration of F . If e i ¼ 1 for all i then ðF n Þ is the lower p-central series of F . We will prove Theorem 1.2 in the more general context of an ðx; eÞ-filtration.
Let r 1 ; . . . ; r d A F and let R ¼ ðr 1 ; . . . ; r d Þ be the closed normal subgroup of F generated by r 1 ; . . . ; r d . Let r i A gr h i be the initial form of r i with respect to the ðx; eÞ-filtration ðF n Þ of F . The presentation G ¼ F =ðr 1 ; . . . ; r d Þ is said to be strongly free with respect to the ðx; eÞ-filtration if r 1 ; . . . ; r d is a strongly free sequence of Lie polynomials in x 1 ; . . . ; x m with coe‰cients in F p ½p. In this case, the pro-p-group G is called mild with respect to the ðx; eÞ-filtration. If G ¼ F =R and G n is the image of F n in G ¼ F =R then ðG n Þ nf1 is a pfiltration of G. (b) The group R=½R; R is a free Z p ½½G-module on the images of r 1 ; . . . ; r d .
(c) The presentation G ¼ F =R is minimal and cdðGÞ ¼ 2.
(d) The enveloping algebra of grðGÞ is the graded algebra associated to the filtration w B of B ¼ Z p ½½G induced by the ðx; eÞ valuation w of Z p ½½F .
(e) The algebra Z p ½½G is an integral domain with valuation w B .
(f ) The Poincaré series of grðBÞ is 1=ð1 À tÞ
Proof. Let R n ¼ R X F n and let grðRÞ be the Lie algebra associated to the pfiltration ðR n Þ of R. Identifying grðRÞ with its image in grðF Þ the ideal r ¼ ðr 1 ; . . . ; r d Þ is contained in grðRÞ. An easy inductive argument shows that r ¼ grðRÞ if and only if the induced homomorphism y : r=½r; r ! grðRÞ=½grðRÞ; grðRÞ is surjective (and hence bijective). Let U and U 0 be respectively the enveloping algebras of g ¼ grðF Þ=r and grðGÞ ¼ grðF Þ=grðRÞ. The canonical homomorphism c : U ! U 0 is surjective and is compatible with y; which means that for x A r=½r; r, u A U we have yðu Á xÞ ¼ cðuÞ Á yðxÞ:
Let M ¼ R=½R; R and let M n be the image of R n in M. Then ðM n Þ is a p-filtration of M and we have grðMÞ ¼ grðRÞ=grð½R; RÞ where grð½R; RÞ is the Lie algebra associated to the filtration ð½R; R n Þ with ½R; R n ¼ ½R; R X F n . Since grðMÞ is an abelian Lie algebra, we have a canonical surjection y 0 : grðRÞ=½grðRÞ; grðRÞ ! grðMÞ which is injective in degree n if and only if gr n ð½R; RÞ ¼ ½grðRÞ; grðRÞ n :
Let B ¼ Z p ½½G be the completed group algebra of G over Z p and let B n be the image of A n in B under the canonical surjection A ! B. The graded ring grðBÞ associated to the filtration ðB n Þ is an algebra over F p ½p. If R is the ideal of grðAÞ generated by grðRÞ then U 0 is canonically isomorphic to grðAÞ=R and the kernel of the canonical homomorphism of grðAÞ onto grðBÞ contains R. Hence we obtain a surjective homomorphism
In addition, grðMÞ is a grðBÞ-module since B n Á M k L M nþk and y 0 is compatible with c 0 .
We now show that y and y 0 are bijective. The proof is by induction on the degrees. Suppose then that y and y 0 are bijective in degrees n < k. Since r n ¼ grðRÞ n for n < h ¼ minðh 1 ; . . . ; h d Þ, we may assume that k f h.
(I) y is injective in degree k. Since y is surjective in degrees < k we have r n ¼ gr n ðRÞ. Hence ½r; r k ¼ ½grðRÞ; grðRÞ k which shows that y is injective in degree k.
(II) y 0 is bijective in degree k. We have to show that gr k ð½R; RÞ ¼ ½grðRÞ; grðRÞ k . For this we will construct a closed subgroup H of R generated by a finite number of elements z 1 ; . . . ; z s such that:
(i) H is a free pro-p-group with basis z 1 ; . . . ; z s .
(ii) If e 0 i ¼ oðz i Þ is the filtration degree of z i and if H n ¼ H X R n then ðH n Þ is the ðz; e 0 Þ-filtration of H.
(iii) gr n ðHÞ ¼ gr n ðRÞ for n < k.
If we grant the existence of such a subgroup H we have gr n ð½H; H Þ ¼ gr n ð½R; RÞ for n e k and gr n ð½H; H Þ ¼ ½grðHÞ; grðHÞ n for all n. Thus gr k ð½R; RÞ ¼ gr k ð½H; H Þ ¼ ½grðHÞ; grðHÞ k ¼ ½grðRÞ; grðRÞ k :
Let us now construct H. We first note that r is a free Lie algebra over F p ½p since L=r is a free F p ½p-module (cf. [17] , Proposition 4). Choose a homogeneous free generating set for r and let z 1 ; . . . ; z s the elements of this generating set which are of degree < k. If e 0 i is the degree of z i let z i A R e 0 i whose image in gr e 0 i ðRÞ is z i . Let H be the closed subgroup of R generated by z 1 ; . . . ; z s . Then property (iii) holds by construction. To verify (i) and (ii), let E be the free pro-p-group on the letters z 1 ; . . . ; z s and let ðE n Þ be the ðz; e 0 Þ-filtration of E. The homomorphism a : E ! H defined by aðz i Þ ¼ z i sends E n into H n and, if z i is the image of z i in gr e 0 i ðRÞ, the induced homomorphism a Ã : grðEÞ ! grðHÞ H grðRÞ sends z i to z i . But grðEÞ is a free Lie algebra over F p ½p with basis z 1 ; . . . ; z s since e 0 i > 1 for all i. Since z 1 ; . . . ; z s is part of a basis for the free Lie algebra r, the homomorphism a Ã is injective. It follows that a is injective and hence bijective.
It remains to show aðE n Þ ¼ H n . Suppose that we have shown that aðE k Þ ¼ H k for 1 e k e n; this is true for n ¼ 1. Let y A H nþ1 and suppose that y B H (III) y is surjective in degree k. To show this it su‰ces to show that y 00 ¼ y 0 y is surjective in degree k. If e i ¼ oðr i Þ, we may assume that e i e e j for i e j and that e i > k for i > t. Let b be a non-zero element of gr k ðMÞ and let b A M k be an element whose image in gr k ðMÞ is b. If r i is the image of r i in M e i , we can choose b so that 
we have yðxÞ ¼ 0 which implies that x ¼ 0 since x is of degree g and y is injective in degree g. But this contradicts the fact that r=½r; r is a free u-module. Hence g ¼ k and b ¼ y 00 ðxÞ which implies the surjectivity of y 00 in degree k.
From the above it follows that the homomorphism c 0 : grðAÞ=R ! grðBÞ is bijective. Since r ¼ grðRÞ, we have U ¼ grðAÞ=R which yields (d) and (e).
From the fact that grðMÞ is a free grðBÞ-module on the images of r 1 ; . . . ; r d , it follows that M is a free B-module on r 1 ; . . . ; r d which gives (b). Using this, we obtain
which implies that d is the minimal number of relations for G. Finally, using the standard exact sequence
we obtain that the cohomological dimension of G is 2 (cf. [6] , p. 459). This gives (c). To get (g) we take logarithms on both sides of the identity
where b n is the dimension of the n-th homogeneous component of grðGÞ=p grðGÞ, and use the fact that dim F p gr n ðGÞ ¼ P n k¼1 b k . r
Since the ðx; eÞ-filtration of F is the lower p-central series of F when e i ¼ 1 for all i and the filtration of A is given by powers of the ideal I which is the kernel of the augmentation homomorphism of Z p ½½F , we obtain that the induced filtration of B ¼ Z p ½½G is given by powers of the augmentation ideal J of B. Moreover, our proof shows that G n ¼ G X ð1 þ I n Þ; in other words, the lower p-central series of G is induced by the J-adic filtration of Z p ½½G. This yields Theorem 1.2.
When p ¼ 2 and the initial forms r i of the relators r i in a minimal presentation for G are of degree 2, that the r i are Lie polynomials with coe‰cients in F 2 ½p is equivalent to the torsion subgroup of G=½G; G having exponent f 4. For example, this shows that the group
is a mild pro-2-group if m f 4 since
More generally, the torsion subgroup of G=½G; G has exponent f 4 if and only if the initial forms r i are Lie polynomials r i over F 2 modulo p grðF Þ Ã , where grðF
In this case, the given presentation can be shown to be strongly free if r 1 ; . . . ; r d is a strongly free sequence over F 2 (cf. [20] ).
Zassenhaus filtrations
Theorem 4.1 can be extended to the case of filtrations induced by valuations of the completed group ring F p ½½F . The Lie algebras associated to these filtrations are restricted Lie algebras in the sense of Jacobson [11] .
Let F be the free pro-p-group on x 1 ; . . . ; x m . The completed group algebra A ¼ F p ½½F over the finite field F p is isomorphic to the algebra of formal power series in the noncommuting indeterminates X 1 ; . . . ; X m over F p . Identifying F with its image in A, we have
If e 1 ; . . . ; e m are integers > 0, we define a valuation w of A by setting
Then grðAÞ is a graded F p -algebra. If x i is the image of X i in gr e i ðAÞ then grðAÞ is the free associative F p -algebra on x 1 ; . . . ; x m with a grading in which x i is of degree e i . The Lie subalgebra L of grðAÞ generated by the x i is the free Lie algebra over F p on x 1 ; . . . ; x m by the Birkho¤-Witt Theorem. Note that when e i ¼ 1 for all i we have A n ¼ I n , where I is the augmentation ideal ðX 1 ; . . . ; X m Þ of A.
A decreasing sequence ðG n Þ of closed subgroups of a pro-p-group G which satisfies
is called, after Lazard [21] , a p-restricted filtration of G.
For n f 1, let F n ¼ ð1 þ A n Þ X F . Then ðF n Þ is a p-restricted filtration of F . This filtration is also called the Zassenhaus ðx; eÞ-fitration of F . The mapping x 7 ! x p induces an operator P on grðF Þ sending gr n ðF Þ into gr pn ðF Þ. With this operator, grðF Þ is a restricted Lie algebra over F p . If e i ¼ 1 for all i, the subgroups F n are the so-called dimension subgroups mod p. They can be defined by where the first arrow is surjective and gr 0 ðGÞ is the restricted Lie algebra associated to the Zassenhaus filtration ðG 0 n Þ of G induced by the filtration w B of B. Since grðBÞ is the enveloping algebra of the restricted Lie algebra grðF Þ=R, the Birkho¤-Witt Theorem for restricted Lie algebras shows that all arrows are injective which yields (a) and (d). The injectivity of grðGÞ ! gr 0 ðGÞ yields G n ¼ G 0 n for all n by induction which proves (f ). r Corollary 5.2. If G is a mild pro-p-group with rðGÞ f dðGÞ then G is non-analytic. We are unable to prove that these elements form a strongly free sequence over F 2 with the methods in this paper but computations using GAP indicate that the Poincaré series of the enveloping of L=ðr 1 ; r 2 ; r 3 ; r 4 Þ over F 2 is
In [26] , [23] the case l ij ¼ 0 for all i, j is considered and the initial forms computed in certain cases in degree 3 modulo squares using the connection between the Rédei symbols and the Milnor m 2 -invariants. For example, in the case S ¼ f5; 41; 61g, they find that r 1 ¼ ½½x 1 ; x 2 ; x 2 þ ½½x 1 ; x 3 ; x 3 þ ½½x 2 ; x 3 ; x 1 ; r 2 ¼ ½½x 1 ; x 2 ; x 2 þ ½½x 1 ; x 3 ; x 2 þ ½½x 2 ; x 3 ; x 2 þ ½½x 2 ; x 3 ; x 3 ; r 3 ¼ ½½x 1 ; x 3 ; x 2 þ ½½x 1 ; x 3 ; x 3 þ ½½x 2 ; x 3 ; x 1 þ ½½x 2 ; x 3 ; x 2 þ ½½x 2 ; x 3 ; x 3 in the restricted Lie algebra associated to the dimension subgroups mod p. Again, we are unable to prove that these elements form a strongly free sequence with the methods in this paper but computations using GAP indicate that they are. If they were then Theorem 5.1 would apply.
Questions
In view of these results and results of [4] which show that certain groups of Koch type on two generators have subgroups of finite index which behave like mild groups, we are led to ask the following questions. 
